Lesson 3.4: Equations with Variables on Both Sides.
Learning objectives for this lesson – By the end of this lesson, you will be able to:

· Solve an equation with variables on both sides.
· Solve an equation with grouping symbols.
· Solve real-world problems using equations with variables on both sides.
California State Standards Addressed: Algebra I (4.0, 5.0)

3.4.1. Solve an equation with variables on both sides.

When the variable appears on both sides of the equation, we need to manipulate our equation such that all variables appear on one side, and only constants remain on the other:
Example 1
John was told by his chemistry teacher to measure the weight of an empty beaker using a balance. John found only 1 lb weights, and so devised the following way of balancing the scales:


[image: image1]
Knowing that each weight is 1 lb, calculate the weight of one beaker. 

Solution:

We know that the system balances, so the weights on each side must be equal. We can write an algebraic expression based on this equality. The unknown quantity, the weight of the beaker, will be our x. We can see that on the left hand scale we have 1 beaker and 4 weights. On the right scale we have 4 beakers and 3 weights. The balancing of the scales is analogous to the balancing of the following equation:




  x + 4 = 4x + 3


“One beaker plus 4 lbs equals 4 beakers plus 3 lbs” 

To solve for the weight of the beaker we want all the constants (numbers) on one side and all the variables (terms with x in) on the other side. Look at the balance – there are more beakers on the right and more weights on the left. We will aim to end up with only x terms (beakers) on the right, and only constants (weights) on the left.



x + 4 = 4x + 3

- subtract 3 from both sides:


   – 3 =      – 3



x + 1 = 4x

- subtract x from both sides:


            –x       = –x



     1 = 3x

- divide both sides by 3:
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So the weight of the beaker is one third of a pound.  
We can do the same with the real objects as we have done with the equation: our first action was to subtract 3 from both sides of the equals sign. On the balance, we could remove a certain number of weights or beakers from each scale. Because we remove the same number of weights from each side, we know the scales will still balance.


On the balance we could remove 3 weights from each scale. This would leave one beaker and one weight on the left and 4 beakers on the right (in other words x + 1 = 4x):

The next step we could do is remove one beaker from each scale leaving only one weight on the left and 3 beakers on the right and you will see our final equation: 1 = 3x
Looking at the balance, it is clear that the weight of the beaker is one third of a pound.  

Example 2
John was told to find the weight of an empty box with a balance. This time John found 1 lb weights and 5 lb weights. He placed two 1lb weights in 3 of the boxes and with a fourth empty box found the following way of balancing the scales:


[image: image4]
Knowing that small weights are 1 lb and big weights are 5 lbs, calculate the weight of one box.. 

We know that the system balances, so the weights on each side must be equal. We can write an algebraic expression based on this equality. The unknown quantity, the weight of the box, will be our x. The boxes that have two weights in each weigh (x+2):



3(x + 2) = x + 3(5)
- distribute the 3:


3x + 6 = x + 15

- subtract x from both sides:



               –x       = –x



3x + 6 = 15

- subtract 6 from both sides:



      –6 = –6



     3x  = 9

- divide both sides by 3:
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Solution: Each box weighs 3 lbs.

03.4.2:
Solve an equation with grouping symbols.

When we have a number of like terms on one side of the equal sign we collect like terms then sum them in order to solve for our variable. When we move variables from one side of the equation to the other we sometimes call it grouping symbols – essentially we doing exactly what we would do with the constants. We can add and subtract variable terms just as we would with numbers. Occasionally we will have to multiply and divide by variables in order to get them all on the numerator.
Example 3

Solve 
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Solution: This equation has x on both sides. However, there is only a number term on the left. We will therefore move all the x terms to the right of the equal sign leaving the constant on the left:
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- subtract 3x from both sides:



–3x        –3x       



         4 = 2x

-divide by 2:
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Solution: x = 0.5
Example 4

Solve 
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This time we will collect like terms (x terms) on the left of the equal sign:
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- add 5x to both sides:



+5x      +5x



14x = 4


-divide by 14:
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Solution: 
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Example 5

Solve 
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This equation has x on both sides, and a fraction. It is always easier to deal with equations that do not have fractions. The first thing we will do is get rid of the fraction:




[image: image14.wmf]3

5

2

3

x

x

=

+



- multiply both sides by 3:
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- distribute the 3:
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- subtract 9x from both sides:



–9x        –9x       



         6 = –4x

-divide by -4:
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Solution: x = 1.5

Example 6

Solve 
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Again we start by eliminating first the fraction:
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- multiply both sides by 6:
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- distribute the 6:
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- subtract 5x from both sides:



–5x           –5x       




[image: image22.wmf]3

12

37

-

=

+

x

 

- subtract 12 from both sides:



       –12     –12       
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-divide by -37:


Solution:    
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Example 7

Solve the following equation for x:
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The form of the left hand side of this equation is known as a rational function because it is the ratio of two other functions (14x) and (x + 3). However, we wish simply to solve for x so we start by elimination the fraction. We do this as we have always done, by multiplying by the denominator:

 


[image: image26.wmf]7

)

3

(

14

=

+

x

x



- multiply by (x + 3):
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- distribute the 7:
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- subtract 7x from both sides:
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- divide both sides by 7:
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3.4.3. Solve real-world problems using equations with variables on both sides.

Build your skills in translating problems from words to equations. What is the equation asking? What is the unknown you have to solve for? What quantity will we use for our variable? 

The text explains what is happening. Break it down into small, manageable chunks, and follow what is going on with our variable all the way through.
Ohm’s Law II
The electrical current, I (amps), passing through an electronic component varies directly with the applied voltage, V (volts), according to the relationship:


V= I·R

where R is the resistance (measured in Ohms)

The resistance R of a number of components wired in series (one after the other) is given by:

R = r1 + r2 + r3 + r4 + … 




Example 8:
In an attempt to find the resistance of a new component, a scientist tests it in series with standard resistors. A fixed voltage causes a 4.8 amp current in a circuit made up from the new component plus a 15Ω resistor in series. When the component is placed in a series circuit with a 50Ω resistor the same voltage causes a 2.0  amp current to flow. Calculate the resistance of the new component.

This is a complex problem to translate, but once we convert the information into equations it is relatively straight forward to solve. Firstly we are trying to find the resistance the new component – this is our x. We do not know the voltage that is being used, but we can leave that as simple V. Our first situation has the unknown resistance plus 15Ω. The current is 5.6 Amps: Substituting into V= I·R yields:


V = 4.8(x + 15)
Our second situation has the unknown resistance plus 50Ω. The current is 1.2 Amps: 


V = 2(x+ 50)

We know the voltage is fixed, so the V in the first equation must equal the V in the second. This means that:


4.8(x + 15) = 2(x + 50)

- distribute the constants:

   4.8x + 72 = 2x + 100

- subtract 2x from both sides:

   –2x
       –2x       

   2.8x + 72  = 100

-subtract 72 from both sides:

             –72    –72       

             2.8x = 28


- divide both sides by 2.8:

                  x = 10


Solution: The resistance of the component is 10 Ω

Example 9:

5 identical electronics components were connected in series. A fixed but unknown voltage placed across them caused a 2.3 Amp current to flow. When two of the components were replaced with standard 10Ω resistors, the current dropped to 1.9 Amps. What is the resistance of each component?

Again we start by converting the text to an equation. Firstly we are trying to find the resistance of each component – this is our x. We do not know the voltage that is being used, but we can leave that as simple V. Our first situation has 5 unknown resistances and a current of 2.3 Amps: Substituting into V= I·R yields:


V = 2.3(5x)
Our second situation has 3 unknown resistances and 2 × 10Ω resistors. The current is 1.9 Amps: 


V = 1.9(3x+ 20)

We know the voltage is fixed, so the V in the first equation must equal the V in the second. This means that:


2.3(5x) = 1.9(3x+ 20)

- distribute the constants:

11.5x = 5.7x + 38


- subtract 5.7x from both sides:

5.8x = 38


- divide both sides by 5.8:

x = 6.55

Homework Problems
1. Solve the following equations for the unknown variable:

a.
3(x – 1) = 2(x + 3)

b. 7(x + 20) = x + 5

c. 9(x – 2) = 3x + 3

d. 
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e. 
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f. 
[image: image34.wmf])

2

5

2

3

(

2

)

4

1

(

7

1

-

=

+

v

v


g. 
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h. 
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a. x = 9;   b. x = –22.5;   c. x = 3.5;   d. a = (7/12);   e. x = –(17/22);   f. v = (21/80);   g. y = –(82/29)

h. t = (32/87);   i. q = –(232/15)
2. Peter and Nadia are arguing about how a number trick they heard goes. Nadia tells Andrew to think of a number, multiply it by 5 and subtract 3 from the result. Peter tells Andrew to think of a number add 5 and multiply the result by 3. Andrew says that whichever way he does the trick he gets the same answer. What was the number he thought of?
9

3. I have enough money to buy 5 regular priced CDs and have $6 left over. However all CDs are on sale today, for $4 less than usual. If I borrow $2 I can afford 9 of them. How much are CDs on sale for today?
$7
4. Solve the following resistance problems. Assume the same voltage is applied to all circuits:
a. 3 unknown resistors plus 20Ω give the same current as one unknown resistor plus 70Ω

unknown = 25Ω

b. 1 unknown resistor gives a current of 1.5 amps; a 15Ω resistor gives a current of 3.0 amps

unknown = 30Ω

c. 7 unknown resistors plus 18Ω gives twice the current of 2 unknown resistors plus 150Ω

unknown = 9.5Ω

d. 3 unknown resistors plus 1.5Ω gives a current of 3.6 amps; 7 unknown resistors plus 7 12Ω resistors gives a current of 0.2 amps.
unknown = 1.213Ω

Total resistance, R





r3





r4





r5





r2





r1








_1246045948.unknown

_1246296802.unknown

_1246297163.unknown

_1246301275.unknown

_1246301301.unknown

_1246301372.unknown

_1246301285.unknown

_1246301270.unknown

_1246301152.unknown

_1246296955.unknown

_1246297131.unknown

_1246296821.unknown

_1246261375.unknown

_1246296661.unknown

_1246296718.unknown

_1246261495.unknown

_1246272397.unknown

_1246261494.unknown

_1246261282.unknown

_1246261325.unknown

_1246261005.unknown

_1246040638.unknown

_1246045595.unknown

_1246045898.unknown

_1246040678.unknown

_1245994594.unknown

_1246039720.unknown

_1246040104.unknown

_1246040612.unknown

_1246039756.unknown

_1246039378.unknown

_1245994548.unknown

